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Abstract
Ground state magnetic properties of the spin-dependent Falicov-Kimball model (FKM) are studied by incorporating the intrasite
exchange correlation J (between itinerant d- and localized f - electrons) and intersite (superexchange) correlation Jse (between
localized f - electrons) on a triangular lattice for two different fillings. Numerical diagonalization and Monte-Carlo techniques are
used to determine the ground state magnetic properties. Transitions from antiferromagnetic to ferromagnetic and again to re-entrant
antiferromagnetic phase is observed in a wide range of parameter space. The magnetic moments of d- and f - electrons are observed
to depend strongly on the value of J, Jse and also on the total number of d- electrons (Nd).
Keywords: A. Strongly correlated electron systems; C. Triangular lattice; D. Magnetic phase transitions; D. Exchange
interactions; D. Superexchange interactions
1. Introduction
The problem of inhomogeneous charge and magnetic or-
dering in strongly correlated electron systems (SCES) is
one of the most intensively studied problems of the con-
temporary condensed matter physics. The motivation be-
hind these studies is the inhomogeneous charge ordering
(e.g., striped phases) which has been experimentally ob-
served in many rare-earth and transition-metal compounds
like La1.6Nd0.4S rxCuO4, YBa2Cu3O6+x, Bi2S r2Cu2O8+x [1, 2].
Some of these compounds also exhibit high temperature su-
perconductivity (HTSC). Theoretical studies on these materials
proposed that these SCES have a natural tendency toward the
phase separation [3, 4].
A class of SCES like cobaltates [5, 6, 7], GdI2 [8] and its
doped variant GdI2Hx [9], NaTiO2 [10, 11, 12], MgV2O4 [13]
etc. have attracted great interest recently as they exhibit
a number of remarkable cooperative phenomena such as
valence and metal-insulator transition, charge, orbital and
spin/magnetic order, excitonic instability and possible non-
fermi liquid states [8]. These are layered triangular lattice sys-
tems and are characterized by the presence of localized (de-
noted by f -) and itinerant (denoted by d-) electrons. The ge-
ometrical frustration from the underying triangular lattice cou-
pled with strong quantum fluctuations give rise to a huge degen-
eracy at low temperatures resulting in competing ground states
close by in energy. Therefore, for these systems one would ex-
pect a fairly complex ground state magnetic phase diagram and
the presence of soft local modes strongly coupled with the itin-
erant electrons.
It has recently been proposed that these systems may very
well be described by different variants of the two-dimensional
Falicov-Kimball model (FKM) [8, 9] on a triangular lattice.
The FKM was introduced to study the metal-insulator transi-
tions in the rare-earth and transition-metal compounds [14, 15].
The model has also been used to describe a variety of many-
body phenomenon such as tendency of formation of charge and
spin density wave, mixed valence, electronic ferroelectricity
and crystallization in binary alloys [16, 17].
Many experimental results show that a charge order gener-
ally occurs with a spin/magnetic order. Therefore, the FKM on
a triangular lattice has been studied recently including a spin-
dependent on-site interaction between f - and d- electrons with
a local Coulomb interaction between f - electrons. Several in-
teresting ground state phases namely long range Nee`l order, fer-
romagnetism or a mixture of both have been reported [18, 19].
It has been realized later that even though including the lo-
cal spin-dependent interactions to the FKM on triangular lattice
gives many interesting phases, in fact there are other important
interactions e.g., super-exchange interaction (Jse) (interaction
between f - electrons occupying nearest neighboring sites) be-
tween f - electrons, which gives rise to many other interesting
phases relevant for real materials such as GdI2, NaTiO2 etc.
Therefore, we have generalized the FKM Hamiltonian to in-
clude super-exchange interaction Jse between f - electrons and
Hamiltonian is given as,
H = −
∑
〈i j〉σ
(ti j + µδi j)d
†
iσ
d jσ + (U − J)
∑
iσ
f
†
iσ
fiσd
†
iσ
diσ
+U
∑
iσ
f
†
i,−σ
fi,−σd
†
iσ
diσ + Jse
∑
〈i j〉σ
(− f
†
iσ
fiσ f
†
j,−σ
f j,−σ
+ f
†
iσ
fiσ f
†
jσ
f jσ) + U f
∑
iσ
f
†
iσ
fiσ f
†
i,−σ
fi,−σ + E f
∑
iσ
f
†
iσ
fiσ (1)
here 〈i j〉 denotes the nearest neighboring (NN) lattice sites i
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and j. The d
†
iσ
, diσ ( f
†
iσ
, fiσ) are, respectively, the creation and
annihilation operators for d- ( f -) electrons with spin σ = {↑, ↓}
at the site i. First term is the band energy of the d- electrons.
Here µ is chemical potential. The hopping parameter t〈i j〉 = t
for NN hopping and zero otherwise. The interaction between
d- electrons is neglected. Second term is on-site interaction be-
tween d- and f - electrons of same spins with coupling strength
(U − J) (where U is the usual spin-independent Coulomb in-
teraction and J is the exchange interaction. Inclusion of the
exchange term enables us to study the magnetic structure of f -
electrons and band magnetism of d- electrons. Third term is the
on-site interaction U between d- and f - electrons of opposite
spins. Fourth term is the super-exchange interaction between
localized electrons occupying nearest neighboring sites. This
interaction favors anti-ferromagnetic arrangement of f - elec-
trons over ferromagnetic arrangement of f - electrons. Fifth
term is on-site Coulomb repulsion U f between opposite spins
of f - electrons. The last term is the dispersionless energy level
E f of f - electrons.
2. Methodology
Hamiltonian H (Eq.1), preserve states of the f - electrons,
i.e. the d- electrons traveling through the lattice change neither
occupation numbers nor spins of the f - electrons. Therefore,
the local f - elctron occupation number nˆ f iσ = f
†
iσ
fiσ is invariant
and
[
nˆ f iσ,H
]
= 0 for all i and σ. This shows that ωiσ = f
†
iσ
fiσ
is a good quantum number taking values only 1 or 0 according
to whether the site i is occupied or unoccupied by f - electron
of spin σ, respectively. Following the local conservation of f -
electron occupation, H can be rewritten as,
H =
∑
〈i j〉σ
hi j({ωσ}) d
†
iσ
d jσ + Jse
∑
〈i j〉σ
{−ωiσω j,−σ
+ωiσω jσ} + U f
∑
iσ
ωiσωi,−σ + E f
∑
iσ
ωiσ (2)
where hi j({ωσ}) =
[
− ti j + {(U − J)ωiσ + Uωi,−σ − µ}δi j
]
and
{ωσ} is a chosen configuration of f - electrons of spin σ.
We set the scale of energy with t〈i j〉 = 1. The value of µ
is chosen such that the filling is
(N f + Nd)
4N
(e.g. N f + Nd = N
is one-fourth case and N f + Nd = 2N is half-filled case etc.),
where N f = (N f↑ + N f↓ ), Nd = (Nd↑ + Nd↓) and N are the
total number of f− electrons, d− electrons and sites respec-
tively. For a lattice of N sites the H({ωσ}) (given in Eq.2)
is a 2N × 2N matrix for a fixed configuration {ωσ}. For one
particular value of N f (= N f↑ + N f↓), we choose values of N f↑
and N f↓ and their configuration {ω↑} = {ω1↑, ω2↑, . . . , ωN↑} and
{ω↓} = {ω1↓, ω2↓, . . . , ωN↓}. Choosing the parameters U, J and
Jse, the eigenvalues λiσ(i = 1 . . .N) of h({ωσ}) are calculated
using the numerical diagonalization technique on the triangular
lattice of finite size N(= L2, L = 12) with periodic boundary
conditions (PBC).
The partition function of the system is written as,
Z =
∑
{ωσ}
Tr
(
e−βH({ωσ})
)
(3)
where the trace is taken over the d- electrons, β = 1/kBT .
The trace is calculated from the eigenvalues λiσ of the matrix
h({ωσ}) (first term in Eq.2). The ground state total internal en-
ergy E({ωσ}) is calculated as,
E({ωσ}) =
Nd∑
iσ
λiσ({ωσ}) + Jse
∑
〈i j〉σ
{−ωiσω j,−σ + ωiσω jσ}
+U f
∑
iσ
ωiσωi,−σ + E f
∑
iσ
ωiσ (4)
Our aim is to find the unique ground state configuration (state
with minimum total internal energy E({ωσ})) of f - electrons
out of exponentially large possible configurations for a cho-
sen N f . In order to achieve this goal, we have used classical
Monte Carlo simulation algorithm by annealing the static clas-
sical variables {ωσ} ramping the temperature down from a high
value to a very low value. Details of the method can be found
in our earlier papers [20, 21, 22, 23, 24, 25].
3. Results and discussion
We have studied the effect of Jse on variation of magnetic
moment of d- electrons md (=
Md
N
=
(Nd↑ − Nd↓ )
N
) and magnetic
moment of f - electronsm f (=
M f
N
=
(N f↑ − N f↓ )
N
), at a fixed value
of U, U f and J for n f = 1 (n f =
N f
N
=
(N f↑ + N f↓ )
N
). We have also
studied the density of d- electrons at each site for the above
case. Fig.1(i) shows the variation of magnetic moment of d-
and f - electrons with number of d- electrons Nd for three dif-
ferent values of Jse i.e. Jse = 0, 0.05 and 0.1 at a fixed value
of J = 5, U = 5 and U f = 10. We are studying the pres-
ence of magnetic phases for various values of Nd, starting from
Nd = 144 to Nd = 0 at different values of Jse. We observed
that for Nd = 144, it is AFM phase and remains AFM upto
Nd = N
∗
d
, below N∗
d
it is no more AFM and a net magnetic
moment exists. Value of N∗
d
depends upon Jse. Variation of
N∗
d
with Jse for U = 5 = J, U f = 10 and n f = 1, shown in
inset of Fig.1(i). We have noted that the ground state is Neel
ordered anti-ferromagnetic (AFM) for Nd = 144, irrespective
of the value of Jse. As seen from Hamiltonian for U = 5 = J,
there is no on-site coulomb repulsion between d- and f - elec-
trons of the same spins, so up-spin d- electrons are more likely
to occur at sites with up-spin f - electrons and same is true for
down-spin d- electrons. Fig.1(i) also shows that the magnetic
moment of f - electrons and d- electrons start increasing at value
of Nd below 70 for Jse = 0, below Nd = 65 for Jse = 0.05 and
below Nd = 44 for Jse = 0.1. It means larger the value of
Jse, lower is the value of Nd below which magnetic moment
of f - and d- electrons start increasing. At Nd = 144, FM ar-
rangement of f - electrons is not energetically favourable as d-
electron’s motion is prohibited by the Pauli exclusion principle
whereas in an AFM arrangement system gains superexchange
energy due to virtual hopping of d- electrons. As we lower Nd,
sites with empty d-level appear and it becomes possible for d-
electrons to move and gain kinetic energy. This kinetic energy
gain then competes with super-exchange to decide the ground
state magnetic ordering. As we lower Nd from 144, hopping
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Figure 1: (Color online) (i) Variation of magnetic moment of d- and f - electrons with number of d- electrons Nd for n f = 1, U = 5, J = 5, U f = 10 and for different
values of Jse . Magnetic moment of d- and f - electrons are shown by dash and solid lines respectively. Variation of N
∗
d
with Jse is shown in the inset.
(ii) (a) Up-spin and (b) down-spin d- electron densities are shown on each site for Jse = 0.10, U = 5, U f = 10, J = 5, n f = 1 and
Nd = 40. The color coding and radii of the circles indicate the d- electron density profile. Triangle-up and triangle-down correspond
to the sites occupied by up-spin and down-spin f - electrons respectively.
(a) J = 0, Nf↑ = 36, Nf↓ = 36 (b) J = 0.50, Nf↑ = 48, Nf↓ = 24
(c) J = 2.5, Nf↑ = 60,  Nf↓ = 12 (d) J = 5, Nf↑ = 36, Nf↓ = 36
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
J
0
0.1
0.2
0.3
0.4
0.5
m
f(m
d)
J
sef-electrons
d-electrons
 0.01
0.05
0mf
md
0
(i) (ii)
(a) J = 0, Nf↑ = 36, Nf↓ = 36 (b) J = 0, Nf↑ = 36, Nf↓ = 36
0.07
0.430.43
0.07
(a) J = 3, Nf↑ = 48, Nf↓ = 24 (b) J = 3, Nf↑ = 48, Nf↓ = 24
0.07 - 0.170.07 - 0.17
0.32 - 0.44 0.33 - 0.54
(iii) (iv)
Figure 2: (Color online) One-fourth filled case (n f + nd = 1) : Triangle-up and triangle-down correspond to the sites occupied by up-spin and down-spin f -
electrons respectively. Open green circles correspond to the unoccupied sites. The color coding and radii of the circles indicate the d-electron density profile. (i)
The ground-state magnetic configurations of f - electrons for Jse = 0.01, n f =
1
2
, nd =
1
2
, U = 5, U f = 10 and for various values of J. (ii) Variation of magnetic
moment of d- and f - electrons with exchange correlation J at different values of Jse for n f =
1
2 , nd =
1
2 at U = 5, U f = 10. Magnetic moment of f - and d- electrons
are shown by solid and dash lines respectively. Note that md = 0 for finite values of Jse .
(iii) (a) Up-spin and (b) down-spin d- electron densities are shown on each site for n f =
1
2
, nd =
1
2
, U = 5, U f = 10 , J = 0 and
Jse = 0.01. (iv) (a) Up-spin and (b) down-spin d- electron densities are shown on each site for n f =
1
2
, nd =
1
2
, U = 5, U f = 10
J = 3 and Jse = 0.01.
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of d- electrons increases. However, the overall phase remains
AFM (with zero magnetic moment) due to dominant superex-
change interactions until Nd reaches 65 (which we call N
∗
d
) (for
Jse = 0.05). Below N
∗
d
, system develops a finite magnetic mo-
ment as parallel spin arrangement of f - electrons at neighbour-
ing sites facilitates d- electron’s hopping further. As we keep
on decreasing Nd, a stage reaches where the system becomes
totally FM because now band energy gain of d- electrons in
the FM background totally overcomes the super-exchange en-
ergy gain of f - electrons. With further decrease of Nd toward
lower values of Nd( in this case Nd < 12) , system re-enters the
AFM phase as the band energy gain of few d- electrons does
not remain sufficient to overcome the energy gain due to super-
exchange interactions of the AFM phase. Therefore the system
prefers the AFM arrangement of f - electrons at low Nd values
which we call re-entrant AFM phase.
We have also studied the density of d- electrons at each lattice
site. Fig.1(ii) shows the density of d- electrons at each site for
the parameters taken in Fig.1(i) for Jse = 0.1 at Nd = 40. Den-
sity of d- electrons at each site strongly depends on the value
of exchange correlation J (between d- and f - electrons) and
super-exchange interation Jse between localized electrons. It is
clear from Hamiltonian that for U = 5 = J, there is no on-
site coulomb repulsion between d- and f - electrons of the same
spins. Hence up-spin d- electrons density is more at sites hav-
ing up-spin f - electrons. Effects of super-exchange interaction
Jse, exchange interaction J, and on-site Coulomb repulsion U
on density of d- electrons can be understood in the following
ways. It is seen from Fig.1(ii) that there are some sites hav-
ing more d- electron densities than other sites. Super-exchange
interaction Jse arranges f - electrons in such a pattern that cor-
responds to minimum energy state, due to which each nearest-
neighbour(NN) of a site ( each site have 6 NN) have opposite
spin of f - electrons. If all the NN have spins opposite to con-
cerned site then it becomes very difficult for d- electrons to
hop from concerned site to NN sites, as there is finite onsite
coulomb repulsion present between d- and f - electrons of the
opposite spins. The random distribution of f - electrons and ran-
dom values of d- electron densities is a consequence of the com-
petition between superexchange interaction Jse, exchange inter-
action J and on-site Coulomb repulsion U. We have also stud-
ied ground state magnetic phase diagram of up-spin and down-
spin f - electrons, magnetic moments of d- and f - electrons and
the density of d- electrons on each site for the range of values
of parameters J, U, U f and Jse for two cases (i) n f + nd = 1
(one-fourth filled case) and (ii) n f + nd = 2 (half filled case).
We have chosen large value of U f so that double occupancy of
f - electrons is avoided.
3.1. One-fourth filled case (n f + nd = 1):
In Fig.2(i) the ground state magnetic configurations of up-
spin and down-spin f - electrons are shown (for one-fourth filled
case) for Jse = 0.01, U = 5, U f = 10 and for different J values.
Due to superexchange interaction between f - electrons, no or-
dered configurations of f - electrons are observed as explained
already.
Fig.2(ii) shows the variation of magnetic moment of d- elec-
trons (md) and magnetic moment of f - electrons (m f ) with ex-
change correlation J at three different values of Jse i.e Jse = 0,
0.01, and 0.05, for U = 5 and U f = 10. For J = 0, the on-site
interaction energy between d- and f - electrons is same irrespec-
tive of their spins. Hence the ground state configuration is AFM
type as possible hopping of d- electrons minimizes the energy
of the system. It is clearly shown in the variation of d- electron
density at each site in Fig.2(iii). For finite but small value of
J, the on-site interaction energy between d- and f - electrons of
same spins will be smaller in comparison to the on-site interac-
tion energy between d- and f - electrons of opposite spins. So
few sites with FM arrangement of spin-up f - electrons will be
occupied by some down-spin d- electrons and some up-spin d-
electrons. With this arrangement there is finite hopping possi-
ble for d- electrons which increases its kinetic energy and hence
total energy of system goes down. Therefore the md and m f in-
crease with increasing J. It is also seen from Fig.2(ii) clearly
that as value of Jse increases, the magnetic moments of both d-
and f - electrons decrease, as Jse favours AFM arrangement of
f - electrons and also favours AFM arrangement of d- electrons
because on-site interaction between d- and f - electrons of same
spins is (U − J) and on-site interaction between d- and f - elec-
trons of opposite spins is U. There is no magnetic moment for
d- electrons for Jse = 0.01 and Jse = 0.05.
Figs.2(iii) and 2(iv) show the density of d- electrons at a fixed
value of U = 5, U f = 10 and for J = 0 and J = 3 respectively.
When J = 0 the interaction between d- and f - electrons is same
irrespective of their spins, so the density of d- electrons at sites
occupied by f-electrons are same, while it is maximum at unoc-
cupied sites. With the increase in J value density of d- electrons
at sites where f - electrons of same spin are present increases
and at empty sites it decreases, because as J increases, the in-
teraction (U − J) between d- and f - electrons of the same spins
decreases. Also the random distribution of d- electron densities
at some sites is, of course, due to the superexchange interaction
between f - electrons.
3.2. Half-filled case (n f + nd = 2):
In Fig.3(i) the ground state magnetic configurations of up-
spin and down-spin f - electrons are shown (for half-filled case)
for Jse = 0.01, U = 5, U f = 10 and for different J values. Due
to superexchange interaction between f - electrons, no ordered
configurations of f - electrons are observed. Fig.3(ii) shows the
variation of magnetic moment of d- electrons (md) and mag-
netic moment of f - electrons (m f ) with exchange correlation J
at two different values of Jse i.e Jse = 0, and 0.01, forU = 5 and
U f = 10. For J = 0, the on-site interaction energies between
d- and f - electrons are same irrespective of their spins. Hence
the ground state configuration is AFM type as possible hop-
ping of d- electrons minimizes the energy of the system, which
have been explained already. For finite but small value of J, the
on-site interaction energy between d- and f - electrons of same
spins will be smaller in comparison to the on-site interaction en-
ergy between d- and f - electrons of opposite spins, so few sites
with FM arrangement of spin-up f - electrons will be occupied
by some down-up d- electrons and some up-spin d- electrons.
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Figure 3: (Color online) Half filled case (n f + nd = 2) : Triangle-up and triangle-down correspond to the sites occupied by up-spin and down-spin f - electrons
respectively. The color coding and radii of the circles indicate the d- electron density profile. (i) The ground-state magnetic configurations of f - electrons for
Jse = 0.01, n f = 1, nd = 1, U = 5, U f = 10 and for various values of J. (ii) Variation of magnetic moment of d- and f - electrons with exchange correlation J at
different values of Jse for n f = 1, nd = 1 at U = 5, U f = 10. Magnetic moment of f - and d- electrons are shown by solid and dash lines respectively.(note that
md = 0 for finite values of Jse . (iii) (a) Up-spin and (b) down-spin d- electron densities are shown on each site for n f = 1, nd = 1, U = 5, U f = 10 J = 0.50 and
Jse = 0.01. (iv) (a) Up-spin and (b) down-spin d- electron densities are shown on each site for n f = 1, nd = 1, U = 5, U f = 10 J = 2 and Jse = 0.01.
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With this arrangement there is finite hopping possible for d-
electrons which increases its kinetic energy and hence total en-
ergy of system decreases. Therefore the md and m f increase
with increasing J. It is also seen from Fig.2(ii) (one-fourth
filled case) clearly that as value of Jse increases the magnetic
moments of both d- and f - electrons decrease, as Jse favour
AFM arrangement of f - and d- electrons. For larger value of J,
on-site interaction between d- and f - electrons with same spin
decreases as coupling strength isU−J (see Hamiltonain). So d-
electrons would prefer sites having f - electrons with same spin.
In this case, the AFM arrangement of f - electrons is favoured
over FM as the system gains super-exchange energy due to the
possibility of virtual hopping of d- electrons to neighbouring
sites. Thus system re-enters AFM phase at higher values of J.
Figs.3(iii) and 3(iv) show the density of d- electrons at a fixed
value of U = 5, U f = 10 and for J = 0.5 and J = 2 respec-
tively. Fig.3(iii) shows that density of d- electrons with up-spin
is slightly more at sites with up-spins f - electrons as compared
to sites with down-spin f - electrons. This is because of the fact
that there is large value of on-site interaction energy (U = 5)
between d- and f - electrons of the opposite spins as compared
to on-site interaction energy(U − J = 4.50) between d- and f -
electrons of the same spins.
In conclusion, the ground state magnetic properties of two
dimensional spin-1/2 FKM on a triangular lattice are studied
for a range of parameter values like d- and f - electrons fillings,
superexchange interaction Jse, on-site Coulomb correlation U
and exchange correlation J etc. Extending the model to include
the super-exchange interaction Jse between f - electrons occu-
pying nearest neighboring sites leads to interesting results: in
particular, it strongly favours the AFM arrangement of f - elec-
trons and also plays a role in inducing AFM coupling between
d- electrons. We have found that the magnetic moments of d-
and f - electrons depend strongly on the values of J and on the
number of d- electrons Nd. In half-filled case, a very small
value of Jse (Jse > 0.01) makes the system AFM and hence
no net magnetic moment for d- or f - electrons is observed for
Jse > 0.01 where as in one-fourth filling case a higher Jse is
needed to make the system AFM. These results are quite rele-
vant for study of triangular lattice systems mentioned above.
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